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For the equation 15, y(r)+H(f, y(t))= f(t) (A), where L, is a disconjugate 
nonlinear operator, sukient conditions have been found to ensure that all proper 
solutions of (A) are slowly oscillating. The operator L, has the form 
1 &=Id- d 1 d 
p,(t)dtp,-,(t)“‘dtp,(t)dtp,(t) 
I(” 1990 Academic Press, Inc. 
1. INTRODUCTION 
Singh [S] recently showed that under certain conditions, a particular 
type of solution of the equation 
(r(r) y’(t))’ + P(f) y’(t) =f(t), Y > 1 (1) 
becomes slowly oscillating. Our main purpose here is twofold: 
(A) to extend this study to a more general functional equation (2); 
(B) to find sufficient conditions for the existence of the slowly 
oscillating solutions of equation 
409!148;1-15 
-LJdt) + WC v(t)) =./It)3 (2) 
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where n 2 2, and L,, denotes the disconjugate differential operator 
id 1 d dl L ,,=-- ___ -...--- 
p,(t) dtp, l(t) dt dtp,(t)p,(t)’ 
We assume that pi, ,f: [a, cc) --+ R and H: [a, cc) x R + R are continuous, 
p;(t)>O, O<i<n, a>O; 
w(H(x, Y)) = w(y), (4) 
and 
Y(t) L,y(t)=- 
1 d 
POW 
L;y(t)=-- 
pi(t) dt 
L;- 1 Y(l) 
for 1 6 i < n. Throughout this work it is assumed that there exist constants 
cr>O, fi>O such that 
a G P”(l) d B. (6) 
The domain D of L, is defined to be the set of all functions 
y : CT,,, co) -+ R such that L,y(t), 0 < id n, exist and are continuous on 
[T,, co). In what follows, by a proper solution of Eq. (2) we mean a 
function y E D which satisfies (2) for sufficiently large t, and 
sup{ 1 y( t)l : t 3 T > > 0 for every T 3 T,. A proper solution of (2) is called 
completely proper if it is proper and lim supI+ iu [y(t)1 >O. A proper 
solution is called oscillatory if it has arbitrarily large zeros; otherwise the 
solution is called nonoscillatory. We make the standing hypothesis that 
Eq. (2) does possess proper solutions. An oscillatory solution of (2) is said 
to be Z-type if it is eventually nonnegative or nonpositive. An oscillatory 
solution y(t) of Eq. (2) is said to be slowly oscillating if the set 
Ly=(It,-t,l:y(t,)=~(t~)=O,y(t)ZOfort~(t,,f~)} (7) 
is unbounded. Henceforth, the term “solution” means proper solution [6]. 
The slow oscillation phenomenon is encountered in physical processes in 
which an object moving with a continuously increasing velocity (such as a 
comet heading toward the sun) is clocked for the distance covered in equal 
intervals of time. For general applications of this subject, we refer the 
reader to Norkin [4]. A recently published book by Shevelov [lo] gives a 
rich set of references on the general area of oscillation theory. Related work 
on disconjugate L, can also be found in Kitumura and Kusano [2], 
Granata [l], Kusano and Naito [3], and Staikos and Philos [9]. 
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2. PRELIMINARIES 
In order to make our analysis less cumbersome, we introduce notations 
for repeated integrals as used in Singh and Kusano [8]. We let t, s E [a, co) 
and define 
I,= 1 (8) 
Iktf, s; pk--l, ...> P~)=~~Pk(‘)l,-,(~,~;pk-l,pk-,,...,p,)dr. (9) 3 
It is easily seen that 
Ikct, 8; Pkr “.> PI) = j’ PI(~) I,- I(6 r; Pk, ...Y P2) dr. (10) 
s 
Let 
Ji(G s) = PO(t) lit& 3; PI, . . . . Pi), Jz(t) = Ji(t, a) (11) 
K,(t,s)=Pn(t)~i(t,s; Pn-l9.7 PH-i), K,(t) = fqt, a). (12) 
In relation to notational ease, we have the following elementary lemma. 
LEMMA 1. Let t, TE [a, co) and Q(t)E C((a, co), R). Then 
s 
'n-1 
. . . p,(r) Q(r) dr dr,- 1 . ..dr. dr, 
T 
= ‘I,,-,(t,r;pl,p 
I 
2, -., P,, - 1 1 p,(r) Q(r) dry 
T 
(13) 
and 
jTpl(rl)jTp2(r2)...p,(ri~,)jT p(r,) 
I II I,- I 
s 
T 
. . . p,(r) Q(r) dr dr,-, . ..dr. dr, 
‘n-1 
s 
T 
= In-I(r,t;~,,~I,..., ~~)pJr)Q(r)dr. (14) 
f 
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3. MAIN RESULTS 
We first consider the case when operator L,l is in the canonical form. 
L, is said to be in canonical form (see Trench [ 111) when the pi’s satisfy 
c ox p;(z) dr = co, lbi<n-1. (15) 
Later in Section 4, we shall consider the noncanonical form of L,. 
Our first theorem, in this section, is to find an oscillation criterion for the 
forced equation (2). A similar result was obtained by this author [7], but 
the present theorem is different and much stronger than Theorem 2.1 in 
[7]. Essentially, the next theorem states that integrally large amplitudes of 
the forcing term impose oscillation upon the solutions of Eq. (2). This 
theorem is significantly different than the one in [7] in the sense that the 
moderating function $(t) is not required. 
THEOREM 1. Suppose that (15) holds. Further, suppose that 
Jk,Zn-I(~, r; pI, p2, .-, ~~-1) p,(r)S(r)dr 
I,-,(& T; ~1, ~2,..., P,-,I 1 = co (16) 
and 
lim inf ~>Z,-I(C r; ply ~2, .-, P,-1) p,(r)f(r)dr = --ccj. (17) 
,-Cc Z,-,(t, T; ~1, ~2,..., P,-,) 1 
Then all solutions of Eq. (2) are oscillatory. 
Proof Let y(t) be a solution of Eq. (2). Suppose to the contrary that 
y(t) is nonoscillatory. Let T> a be large enough so that y(t), without any 
loss of generality, is nonnegative for t > T. Integrating Eq. (2) repeatedly, 
we obtain 
,,- 1 
Lay(t)+ c CJ,(t, T; ~1, ~2, . ..> pi) 
,==O 
+I’ Ll(t, r; pI, p2, . . . . P,,- ]) p,(r) ff(r, y(r)) dr 
T 
= s fl,,-l(t, r; pI, p2, . . . . P,-~) p,(r)f(r)dr, T 
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where C,, 0 < i < n - 1, are constants. Noting that 
lim zi(t, T;~l,p2,...,~i)ll,-l(t, T;~l,...,p,-l)=O, 
r-m 
O<ibn-2, (19) 
we divide (18) by 1,-i(t, T; pi, p2, . . . . p,- i), and observe that in view of 
(18), (19), and the sign condition on function H, a contradiction is 
immediately reached. This concludes the proof. 
Remark 1. The proof of Theorem 1 also reveals that any solution- of 
Eq. (2) cannot be of Z-type. We state this fact as a corollary. 
COROLLARY 1. Suppose the conditions of Theorem 1 hold. Then Eq. (2) 
cannot have Z-type solutions. 
EXAMPLE 1. Consider the equation 
y”(t) + ty(t) = -sin t + t sin t. (20) 
Conditions (16) and (17) are clearly satisfied. Hence all solutions of (20) 
are oscillatory. In fact y(t) = sin t is one such solution. 
Remark 2. Conditions (16) and (17) would seem to imply that a solu- 
tion of Eq. (2) is likely to be unbounded. However, the preceding example 
sets aside such a doubt. Just how large a solution of Eq. (2) is likely to be 
is answered by our next theorem. 
THEOREM 2. Suppose that (15) holds, and there exists a continuous 
function q: [a, GO) -+ (0, co) such that 
lH(t, s)l < q(t) I4 for (t,x)E[a,oo)xR. (21) 
Let y(t) be any solution of Eq. (2). Suppose 
s 
cc 
p,(t) If(t)1 dt < co. (22) 
Then 
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Proof: Let y(r) be a solution of (2) defined on [T, co), T 3 a. Inte- 
grating (2) n times yields 
n-1 
Lay(t)= c CJi(t, T; PI, ~2, . ..> pi) 
i=O 
+/‘I,-,(& r; PI, p2, . . . . P”- ,) p,(r) 
T 
. [f(r) - Wry .dr))l dry (24) 
where Ci, 0 6 i<n - 1, are constants. Using (17) and the fact that 
a dp,d/?, we obtain 
1 .dt)l G CJ,- I + J,- l(t) [~p,dr)llf(r)l + q(r) Iy(r)1 I dr (25) 
for some constant C > 0 and t > T. Since (22) holds, (25) can be rewritten 
as 
where K> 0 is some appropriate constant. The conclusion now follows 
from Gronwall’s inequality. 
Our next theorem gives the existence of a slowly oscillating solution of 
Eq. (2) via an initial value problem. 
THEOREM 3. Suppose that (15) holds , and there exists a continuous func- 
tion q: [a, co) + (0, co) such that (21) holds. Further suppose that condition 
(22) of Theorem 2 is satisfied, and there exists a LE (0, l] such that 
lim sup J’ I,- l(4 r; pl, . . . . ~,-~)p~(r),f(r)dr >. 1 ’ (27) f-cc t” 
and 
lim inf 1 rn-l(t9 r; pI, . . . . ~~-~)~,(r)f(r)dr <o, g. 1 (28) *-cc 
Consider the initial value problem 
ky(T)=O, O<i<n--I (29) 
for some T> a > 0. Then there exists an oscillatory solution y(t) of (2) 
satisfying (29). If in addition, f(t) - H(t, s(t)) is slowly oscillating for every 
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oscillatory function s(t) satisfying condition (23) of Theorem 2, then y(t) is 
also slowly oscillating. 
Proof: The existence of the solution y(t) satisfying (29) follows from the 
well-known Piccardian process. All we need to do is show that this solution 
is slowly oscillating. Integrating Eq. (2) we obtain 
by(t)+j~I, -,(t, r; ply .-, P,-,I p,(r) Wr, Ar))dr 
= 1 ‘~,-,(f,r; pl,..., ~,-~)p,,(r)f(r)dr. (30) T 
Suppose, to the contrary, that y(t) is nonoscillatory. Without any loss of 
generality let y(t) > 0 for t > T’, T’ > T. Rewriting (30) we get 
Loy(t)+K,+S:,,z,~,(t, r; ply . . . . A-~) p,(r) ff(r, y(r)) dr 
ti 
=S:r,-,(t,r;~,,....~.~~)p,(r)f(r)dr, 
p. (31) 
where 
Ko=[T’fJ , r; pI, .-, P,-~) p,(r) ff(r, y(r)) dr. (32) 
T 
Now, in view of (27) and (28), the right hand side of (31) oscillates 
between positive and negative values as t + co. Since f&/t” + 0 as t -+ co, 
a contradiction is reached. This proves that y(t) satisfying (29) is 
oscillatory. 
To show that y(t) is slowly oscillating, we first observe that 
I At)l/Jn- I(t) = 0 
( ( 
exp j:Jn- ,(r) p,(r) q(r) dr)). (33) 
Using (33) in (2) we obtain that 
Ly(t)=f(t)-H(t, y(t)) (34) 
is slowly oscillating. In order to show that y(t) is slowly oscillating, we 
observe an elementary fact that if the derivative of an oscillatory solution 
y(t) is slowly oscillating, so is y(t). To see this we note that if 
y(t,)= y(tz)=O, y(t)#O for tE(t,, tz), then 
I 
12 
y’(t) dt = 0 (35) 
11 
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so that between any two consecutive zeroes of y(t), there must be a zero 
of y’(t). Thus if y’(t) is slowly oscillating, so is v(t). With this observation 
we have shown that Li y(t), 0 6 id n - 1, are slowly oscillating. 
Remark 3. The following example shows that the slow oscillation con- 
dition imposed on the function f(t) - H(t, s(t)) for each s(t) of a certain 
magnitude is not artificial. 
EXAMPLE 2. Consider the equation 
y”‘(t) + l/t’*(sin( y(t))) = sin(log t)/t2, t > 0. (36) 
Since sin(y(t))/t’* + 0 as t + co, and sin(log t)/t* is slowly oscillating and 
asymptotically much larger than sin(y(t))/t’*, it is easily seen that 
f Ct8 sin(log t) - sin( y(t))] (37) 
is slowly oscillating for any function y(t). Any solution y(t) of (36), by 
Theorem 2, is obviously of order J2(f). Thus all conditions of Theorem 3 
are satisfied. Hence, any solution y(t) of (36) satisfying initial conditions 
(29) must be slowly oscillating. 
4. NONCANONICAL L,, 
When condition (15) is violated, L, is no longer in canonical form. 
According to Trench [ll], any operator of the form (3) can be uniquely 
represented in a canonical form with a different set of j7,‘s obtained from 
the original pys. More precisely, we can find pi, i = 0, 1, 2, . . . . n, such that 
ld 1 d d I d . L,=--------...----- 
d,(t) dtP, I(t) dl dfPl(t) dlPo(t) 
(38) 
so that 
s 
cc 
,5;(t) dt = co, ldidn-1, (39) 
and the Pi(t), 0 < i<n, are determined up to positive multiplicative con- 
stants with product 1. Since the actual computations of pi(t) are tedious 
and hard to obtain, we shall attempt to obtain an analogue of our main 
result, i.e., Theorem 2 without the explicit computation of P;(t), 0 < i 6 n. 
To this end we introduce the concept of a principal system for an operator 
of the form of (3). See Trench [ 1 l] and Granata Cl], 
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By a principal system for L, is meant a set of n solutions 
Xl(f), X2(f), . . . . x,(t) of 
L,x(t)=O (40) 
which are eventually positive and satisfy 
lim x,(t)/x,(t) = 0 (41) r-cc 
for 1 d i < j B n. In case L, is in the canonical form, the set of functions 
{J&)? J,(t)3 ...5 J,- I(O) (42) 
defined in (11) is a principal system for L,, and the set of functions 
{KM? K,(t), . . . . K-I(O) (43) 
defined in (12) is a principal system for the operator 
ldld d 1 d. M, =----... -~-- 
h,(t) dtF,(t) dt dtPn-- l(t) dtdn(t) 
(44) 
which is also in the canonical form. For a general operator L, a principal 
system can always be obtained by direct integration of Eq. (40). A basic 
property of principal systems is that if (x,(t), . . . . x,(t)} and (it,(t), . . . . Z,(t)} 
are any two principal systems for the same operator L,, then x,(t) and 
5Zi(t), 1 < i B n, are asymptotically equivalent, i.e., the limits 
exist and are finite. In the language of principal systems, Theorem 4 below 
is an analogue of Theorem 2. 
THEOREM 4. Suppose there exists a continuous function q: [a, 00) + 
(0, 00) such that (21) holds. Let {x,(t), x2(t), . . . . x,(t)} be a principal system 
for L, and {y,(t), y2(f), . . . . y,,(t)} be a principal system for M, defined by 
(44). Suppose that 
s 5 ~l(t)lf(t)l dt < KJ. (46) 
Then any solution y(t) of (2) satisfies 
s’ x,(r) yl(r) q(r) dr . (47) 
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